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ABSTRACT 

This  paper  contains  the  written  version  of  a  series  of  lectures  presented 
by  the  author  at  the  American  Mathematical  Society  Sumner  Institute  on  Non¬ 
linear  Functional  Analysis  and  Nonlinear  Differential  Equations.  These 
lectures  are  an  introduction  to  minimax  techniques  for  finding  critical  points 
of  functionals,  especially  functicnals  possessing  symmetries .  Applications 
are  made  to  semi  linear  elliptic  partial  differential  equations  and  Hamiltonian 
systems  of  ordinary  differential  equations. 
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SIGNIFICANCE  AMD  EXPLANATION 


•  This  pspsr  contains  an  introduction  to  some  of  the  ideas  and  methods  used 

in  finding  critical  points  of  real  valued  functionals  by  minimax  arguments. 

The  emphasis  is  on  obtaining  multiple  critical  points  of  functionals 
possessing  symmetries .  Applications  are  given  to  semilinear  elliptic  boundary 
•  value  problems  and  Hamiltonian  systems  of  ordinary  differential  equations. 
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NXNXNAX  KITH 008  FOR  XNDBFXNXTB  FUNCTIONALS 


Paul  H.  Rabinowit* 

|1.  Introduction 

During  the  past  few  years,  thara  haa  baan  a  considerable  amount  of  raaaarch  on 
obtaining  critical  points  of  indefinite  functionals  by  Mans  of  aininax  Mthods.  The  goal 
of  these  lectures  is  to  describe  some  of  the  ideas  and  Mthods  that  are  used  in  this  field 
especially  for  problems  involving  sy ami tries.  In  the  presence  of  symmetries  one  generally 
hopes  to  obtain  miltiple  critical  points. 

To  begin,  by  a  functional  we  simply  mean  a  mapping  I  i  B  ♦  N  where  B  is  a  real 
Banach  space.  The  functional  X  will  generally  be  assumed  to  be  continuously 
differentiable,  i.e.  X  e  c1(b,b).  The  Prechet  derivative  of  X  at  u  e  B  acting  on 
4  6  B  is  denoted  by  X'(u)4<  A  critical  point  of  X  is  a  point  u  «  B  at  which 
X'(u)  *  0,  i.e.  X'(u)4  “  0  for  all  4  *  *•  The  value  of  X  at  a  critical  point  is 
called  a  critical  value  of  X.  Xn  applications  to  differential  equations,  critical  points 
of  X  correspond  to  weak  solutions  of  the  equation.  Thus  critical  point  theory  serves  as 
a  useful  tool  for  obtaining  existence  results  for  differential  equations. 

Mist  are  indefinite  functionals?  Ma  illustrate  with  several  examples > 

BxsmIs  1.1  i  Boundary  value  problems  for  semi  linear  elliptic  partial  differential 
equations 

Consider  the  equation 

-An  “  p(x,u)  ,  x  e  Cl  i 

(1.2) 

u  "  0  ,  x  e  30 

where  Q  is  a  bounded  domain  in  B?  with  a  smooth  boundary.  Under  appropriate  growth  and 
mild  aanothness  conditions  an  p,  solutions  of  (1.2)  are  critical  points  of 
(1.3)  X(u)  -  Jfl(-j  |Vu|2  -  P(x,u))dx 
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where  1  <  e  <  — - 


if  n  >  2 


on  *  -  Wq'2(Q>.  In  (1.3),  P(x,C>  ie  the  prinatlve  of 

P(x,C)  “  /£  p(x,t)dt  . 

For  an  interesting  class  of  P*s,  e.g.  P(x,5)  “  ICl*+1  n_^ 

and  s  <  •  if  n  ■  2,  X(u)  is  not  bounded  fro*  above  or  below  on  E  even  nodulo 
subspaces  of  finite  dine  ns  ion  or  oodinsnsion.  Thus  Z  is  an  indefinite  functional. 
Exanole  1.4  <  Periodic  solutions  of  second  order  Hamiltonian  svstens 
Consider  the  systen  of  ordinary  differential  equationa: 

(1.5)  9  ♦  V  (q)  -  0 

9 

2 

where  q  e  V  e  C^d*1,*),  and  9  =  — ?•  More  generally,  V  could  depend  on  t  in  a 

dt 

tine  periodic  fashion.  A  T  periodic  solution  of  (1.5)  is  a  critical  point  of 

(1.6)  Kq)  -  /’(^  lq|2  -  V(q))dt 

for  q  in  an  appropriate  Hilbert  space  of  T  periodic  functions.  Once  again  for  a  large 
class  of  potential  energy  terns  V,  l(q)  is  an  indefinite  functional. 

Exasple  1.7  t  Periodic  solutions  of  general  Hanlltonlan  svstens 
A  general  (unforced)  Hanlltonlan  systen  has  the  forn 


0  -id 

(1.8)  s  -  J  H  (*)  ,  J  -  (  ) 

*  id  0 

where  *  «  (p,q),  p,  qC  if1,  and  H  e  C1(KZn,B).  One  of  the  inportant  properties  of  such 
systene  is  that  if  x(t)  is  a  solution  of  (1.8),  then  the  "energy”  H(z(t))  is 
independent  of  t.  Two  questions  that  have  been  studied  for  (1.8)  ares  (a)  the  existence 
of  periodic  solutions  having  a  prescribed  energy,  e.g.  H(s(t))  *  I;  (b)  the  existence  of 
periodic  solutions  having  a  prescribed  period  T.  For  (a),  the  period  is  a  priori  unknown 
so  it  is  convenient  to  nake  a  change  of  tine  scale  so  that  the  period  becones  2s  and 

(1.8)  becones 

(1.9)  s  -  1  J  Ha(*> 

where  we  now  seek  A  j*  0  and  a  2s  periodic  function  s(t)  such  that  H(z(t))  ”  1.  Die 
variational  fomulatlon  of  this  problen  isi  Find  critical  points  of  the  so-called  action 
integral 
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v.v.v  . 


rarow  is  *  J*m  *y 


(1.10)  A(s)  S  /*’  p*q  at 
■object  to  the  constraint 

(1.11)  ijy  /£*  H(s)dt  -  1 

and  s  (and  H)  in  an  appropriate  class  of  functions.  The  constraint  (1.11)  leads  to  a 
La  gran  9*  eoltiplier  in  the  corresponding  ruler  equation  which  is  the  unknown  X  in 
(1.9).  Moreover  if  X,  s  satisfy  (1.9), 

(1.12)  H(s(t) )  s  constant 
so  (1.11)  iSpliee  s(t)  lies  on  H_1(1). 

Problem  (b)  corresponds  to  critical  points  of 

(1.13)  X(s)  -  A(s)  -  X  /**  R(s)dt  . 

Once  again  it  is  not  difficult  to  see  that  the  functionals  (1.13)  and  (1.10)  subject  to 
(1.11)  are  indefinite  for  a  large  class  of  Raniltonians. 

Kxanole  1.14  t  Tine  periodic  solutions  of  a  forced  aamlllnear  wave  equation 
Consider 

f  "tt  “  “xx  +  "  6  ®  <  *  <  * 

(1.15)  < 

V.  u(0,t)  -  0  -  u(t,t) 

where  f  is  T  periodic  in  t  and  we  seek  a  solution  which  is  also  T  periodic  in  t. 
The  corresponding  functional  is 

(1.1«)  Ku)  -  J*  Jj[l  (uj  -  u*)  -  F(x,t,u)]dxdt 

which  is  indefinite. 

Mininax  methods  will  be  used  to  treat  such  Indefinite  functionals.  These  methods 
characterise  a  critical  value,  c,  of  Z  as  a  mininax  of  X  over  an  appropriate  class  of 

sets  Kt 

(1.17)  c  “  inf  sup  X(u)  . 

MK  u«B 

As  a  slsple  example  of  such  a  result,  consider  the  so-called  Mountain  Pass  Theorem i 

Theorem  1.18  (1]  t  Let  1  be  a  real  Banach  space  and  suppose  I  e  C1 (r,P)  satisfies  the 

Pelais-Bmsle  condition.  Further  assume  1(0)  ■  0  and  I  satisfiest 

( I 1 >  There  are  constants  p,a  >  0  such  that  X)gB  >  a. 

P 
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(Ij)  There  Mliti  e  C  l\lp  such  that  1(e)  <  0. 
let 

r  ■  {g  e  C( (0,11,1)  |  g(0)  -  0,  g( 1 )  -  •>  . 

Km 

(1.19)  c  ■  inf  mx  I(u) 

ger  uegao.m 

is  «  critical  value  of  I  with  c  >  a. 

Xn  ths  theorem,  Bp  denotes  the  open  bell  of  radius  p  about  0  in  B  and  3Bp 
denotes  its  boundary.  We  will  digress  briefly  to  sketch  the  proof  of  the  Mountain  Pass 
Theorea  because  it  illustrates  some  of  ths  basic  ideas  used  in  uiniaax  arguments.  First 
the  Paleis-Sasle  condition,  (PS),  must  be  explained.  This  condition  states  that  any 
sequence  (u,)  c  ■  such  that  |X(ua)|  is  bounded  and  X'Cu^)  ♦  0  has  a  convergent 
subsequence.  Thus  (PS)  is  a  kind  of  coapactness  condition.  E.g.  if 

Kc  5  {u  e  S|X(u)  -  c  and  I'(u)  “  0),  then  (PS)  implies  that  Kg  is  contact.  It  further 
implies  a  certain  uniformity  that  is  required  to  prove  the  following  (simplest  version  of 
the) 

Pe  format  ion  Theorem,  Xf  X  e  c’d.E)  and  satisfies  (PS),  c  >  0,  and  c  is  not  a 

critical  value  of  X,  then  there  is  an  C  e  (0,e)  and  n  «  C((0,1]  x  K,X>  such  that 

1°  n(1,u)  -  u  if  Ku)  4  (c-c,c+el 

2°  nd,!^)  c  sc.e 

where  t,  :  {u  (  I  |  X(u)  <  s}. 

We  do  not  have  time  to  go  into  the  details  of  the  proof  here.  However  two  quick 
remarks  suffice  to  illustrate  the  ideas  involved  in  the  simplest  setting  of  E  ■  rf*  and  X 
e  C.  consider  the  ordinary  differential  equation! 

(1.20)  H  -  -  I'(*> 

with  initial  condition  t(0»u)  “  u.  Then 

X(*(tru>)  -  -  |I'(*(t»u))|2  <  0 

so  except  at  seroes  of  I',  X  strictly  decreases  along  orbits  of  (1.20).  This  observation 
together  with  (PS)  plays  a  key  role  in  establishing  2°  of  the  Deformation  Theorem. 
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Actually  to  gat  2°,  we  mist  raplaca  tha  right  hand  aida  of  (1.20)  by  a  raacalad  varaion  of 
itaalf  for  otherwise  tha  aolution  aay  not  exist  for  tha  full  interval  t  e  [0,1].  Moreover 
to  prove  1°,  we  auat  alao  Multiply  tha  right  hand  aida  of  (1.20)  by  an  appropriata 
localisation  factor.  Saa  a.g.  [2]  or  [3]  for  a  cooplata  proof. 

Proof  of  tha  Mountain  Paaa  Theorem:  Observe  firat  that  each  curve  <j([0,1])  crossea  3B 

-  p 

and  tharafora 

aax  X(u)  >  a 
g( [0,1] ) 

by  dj ) .  Hence  c  >  a  by  (1.19).  Suppose  that  c  is  not  a  critical  value  of  I. 

—  a  — 

Setting  e  -  ~  and  invoking  tha  Deformation  Theorem,  we  find  e  e  (0,c)  and 


n  e  C< [0,1]  x  s,b)  such  that 

(1.21) 

Choose  g  e  T  such  that 


(1.22) 


T'(1,Ac+e)  c  Ac-c. 


Max  l(u)  <  etc 
ueg( [0,1] ) 


and  conaidar  n(1,g(t)).  Rote  that  n(1,g(0))  “  n(1,0)  •  0  via  1°  of  the  Detonation 
Theorem  since  1(0)  -  0  <  j  <  c~t .  similarly  h(1,g(1))  “  n(1,e)  ”  a  via  (I2)  and  the 
above  argument.  Therefore  f\(1,g(tl)  «  T.  But  then  (1.21)  -  (1.22)  imply 


(1.23) 


max  I(u)  <  c-e  , 

uend,g<  [0,1] )) 


contrary  to  the  definition  of  c.  Thus  c  is  a  critical  value  of  I  and  the  proof  is 
complete. 

As  was  mentioned  earlier  wa  will  be  interested  mainly  in  synnetric  functionals  in 
these  lectures.  A  symmetric  functional  is  one  which  is  invariant  under  a  group  6  of 
mappings  of  R  into  S,  i.e.  I(u)  «  l(gu)  for  all  g  e  6.  Some  examples  will  be  given 


IrasDla  1.24>  In  Exa^le  1.1,  suppose  P(x,£)  is  even  in  £.  Choosing  6  = 

(id, "id}  2  *2  vhere  id  denotes  the  identity  map  in  K,  I  as  defined  in  (1.3)  is 
invariant  under  6 . 


V-V  *.vt' sy.  ■•.•....sj.i.v .V/VvVrXv'A  r.,,/vVV>VvV 


MIUMU-UU  «U.9  ■>  TTTTTT  f.PJ1 


Exam pie  1.25 1  An  appropriate  apace  to  work  with  in  Example  1.7  ia  E  »  «^'2  (S‘))2n,  the 
Hilbert  apace  of  2n-tuples  of  2*  periodic  functiona  which  are  aquare  integrable  and 
poeaeaa  a  aquare  Integrable  derivative  of  order  y.  (See  e.g.  [4]  for  a  eore  precise 
definition.)  Let  G  =  (g0  |  6  e  (0,2w)  and  g0s(t)  ■  z(t+9)  for  all  a  e  E) .  Thus 

G  ~  R/[0,2«)  ~  s1  and  I  as  defined  in  (1.13)  is  invariant  under  G. 

Re— it  1.26.  For  groups  G  as  above,  the  fixed  point  aet  of  G,  Fix  G  is  defined  as 
(1.27)  Fix  G  =  (u  e  E  I  gu  *  u  for  all  g  e  G) 

Thus  in  Bxaaple  1.24,  Fix  G  “  {0}  while  in  Example  1.25,  Fix  G  is  the  aet  of  constant 

functions  in  E  which  in  turn  can  be  identified  with  R^n.  Fix  6  plays  an  important  role 
in  problems  with  aye— etries.  Whenever  Fix  G  ia  nontrivial,  care  must  be  taken  to  avoid 
itt  otherwise  there  are  difficulties  in  trying  to  exploit  the  symmetries  to  obtain 
multiplicity  results. 

Exaa— le  1.28:  Let  1  and  E  be  as  in  Example  1 . 3  where  ft  now  denotes  the  unit  ball  in 
H2.  Using  polar  coordinates,  we  see  I  is  invariant  under 

G  =  {gT  I  i  e  (0,2v)  and  gT(u(r,8))  «  u(r,8+i)  for  all  u  e  e)  ^  s1  . 

Here  Fix  G  consists  of  those  u  e  E  which  are  independent  of  8,  i.e.  Fix  G  consists 
of  the  set  of  radial  functions.  To  date  due  to  the  presence  of  this  large  Fix  G,  no  one 
has  successfully  used  mini max  methods  to  tackle  this  problem. 

The  existence  of  synswtries  can  be  useful  in  obtaining  multiple  critical  points  of  a 
functional.  The  first  result  of  this  type  is  due  to  Ljusternik  [5] . 

Theorem  1.29i  Suppose  f  e  C1  (eF1,*)  and  f  is  even.  Then  f|  ^  has  at  least  n 
distinct  pairs  of  critical  points. 

A  more  recent  result  is  a  symmetric  version  of  the  Mountain  Pass  Theorem. 

Theorem  1.30  t6]  <  Let  E  be  a  real  Banach  space  and  1  e  (^(E,*)  satisfying  (PS). 

Suppose  further  I  is  even,  1(0)  »  0,  I  satisfies  (Xj),  and 

(I*)  for  all  finite  dimensional  B  c  E,  there  is  an  R  »  R(E)  such  that  I  <  0  on 

mm 

E\B 

R(E) 

Then  I  has  an  unbounded  sequence  of  critical  values. 


-6- 


In  the  rwuindtr  of  these  lectures  we  will  describe  some  of  the  ingredients  that  go 
into  the  proofs  of  such  multiplicity  statements  as  well  as  some  applications  to 
differential  equations  such  as  (1*2)  and  (1.8). 

|2.  Index  theories  and  some  multiplicity  results 

In  order  to  exploit  ayametries  to  obtain  multiple  critical  points  of  a  functional, 
several  preliminaries  are  required.  First  we  need  a  way  to  measure  the  size  of  symmetric 
sets.  An  index  theory  is  an  appropriate  tool  for  this  purpose  and  is  useful  in  dealing 
with  sysasetrlc  sets  in  other  ways.  For  many  situations,  especially  unconstrained  problems. 
Intersection  theorems  are  needed  to  get  estimates.  Classes  of  sets  with  respect  to  which 
to  minimax  the  functional  must  also  be  found.  The  choice  of  such  classes  has  been  a  very 
ad  hoc  process.  Lastly  a  symmetric  version  of  the  Deformation  Theorem  is  needed.  He  will 
study  these  matters  next,  mainly  in  a  l]  setting. 

Wist  is  an  index  theory?  Probably  the  simplest  one  is  obtained  with  the  aid  of  the 
notion  of  genus  introduced  by  Krasnoselski  (7] .  The  equivalent  form  of  this  notion 
described  here  is  due  to  Coffman  [8] .  Let  E  be  a  real  Banach  space  and  let  E  denote 
the  family  of  sets  A  c  E\{0)  such  that  A  is  closed  in  B  and  symsmtric  with  respect 
to  0,  i.e.  x  e  A  implies  -x  e  A.  For  A  ef  the  genus  of  A,  denoted  by  y(A> 
equals  n  if  there  is  an  odd  map  ♦  S  C(A,»n\{0})  and  n  is  the  smallest  integer  with 
this  property.  If  there  does  not  exist  a  finite  such  n,  set  y(A)  ■  *».  Also  define 
T(f)  “  0.  Soam  staple  examples  are  in  order. 

Example  2.1:  Suppose  A  *  BU(-B)  where  Bn  <-B)  -  9  and  b  Is  closed.  Then 

Y(A)  “  1  since  if  4(x)  “  1  for  x  e  B  and  fix)  ■  -1  for  x  e  (-B),+  is  odd  and 

belongs  to  C(A,B  {0}). 

Example  2.2;  If  n  >  1,  A  is  homeomorphic  to  Sn  by  an  odd  mapping,  y(*>  >  1  for 
otherwise  there  exists  an  odd  4  *  C(A,R\{0}).  choose  x  e  A  such  that  +(x)  >  0.  Then 

4(-x)  <  0  and  by  the  Intermediate  Value  Theorem,  $  must  vanish  somewhere  along  any  path 
joining  x  and  -x,  a  contradiction. 

The  next  result  contains  the  main  properties  of  genus.  Below  for  Ace,  Hj(a)  b 

(ill  |  Ix-Al  <  5},  i.e.  Ng(A)  is  a  uniform  {-neighborhood  of  A. 


Proposition  2.3:  Let  A,B  e  E.  Then 

1°  Hog—  llsatlon;  If  x  ¥  0,  y<(x}  u  {— y)  )  «  1. 

2°  Happing  property >  If  there  exiats  an  odd  sapping  f  S  C(A,B),  then 
y<a)  <  y(B). 

3°  Suhaddl 1 1 vl tv i  y(A  o  B>  <  y(A>  +  y(B). 

4°  Continuity  property:  If  A  is  coepact,  y(a)  <  •  and  there  is  a  6  >  0 
such  that  Y(A)  »  y(N{(A)). 

Proof;  ,0  is  obvious .  For  2°,  the  result  is  trivial  if  y(B)  -  *».  Thus  suppose 
Y(B)  ■  n  <  •.  Suppose  there  exists  4  e  C(B,tf*\{0})  with  4  odd.  Therefore  ♦  •  f  is 
odd  and  belongs  to  C(A,Rn\{0}).  Consequently  y(K)  <  n  »  y(B).  To  prove  3°,  suppose 
Y(A)  “  m,  y(B)  “  n,  and  both  are  finite  (since  again,  if  not,  the  result  is  trivial). 
Therefore  there  are  odd  functions  ♦  6  C(A,rT\{0) ) ,  f  e  C(A,*?\{0}).  Extend  ♦,  ♦ 

*  -  A  A  A 

respectively  to  ♦  e  C(E,n  ),  p  e  C (Z,Wr).  Replacing  Pi  p  by  their  odd  parts,  we  can 

A  A  A  A 

as sues  ♦»  ♦  are  odd.  Set  f  “  (♦»♦)•  Then  f  is  odd  and  belongs  to 

C(A  U  B,rf*,n\{0}).  Consequently  y(A  U  B)  <  e+n  “  Y(A)  +  y(B).  Lastly  to  verify  4°,  for 

x  e  A,  let  r(x)  =  j  Ixl  -  r(-x)  and  Br(x)(x)  -  {u  e  E  |  lu-xl  <  r(x)}.  Set  Tx  - 

®r(x),x*  w  Br(x)*“x*  and  observe  that  Ac  U  Tx*  By  compactness,  finitely  many  T 

X6A  ‘ 

cover  A.  Since  y(Tx  )  -  1,  y(A)  <  •  by  3°.  Applying  2°  with  f  -  id,  Y(A)  < 
r 

Y(Ng(A)).  Suppose  y(A)  “  n.  Choose  ♦  6  C(A,Rn\{0})  with  $  odd  and  extend  4  to 
"  n  _  . 

♦  6  C(E,m)  as  in  3  with  4  odd.  Since  A  is  compact,  ♦  t  0  on  (A)  for  soae 
4  >  0.  Therefore  Y<Bg(A))  <  n  -  Y(A). 

Reear V  2.4;  For  argusMnte  given  later  it  is  useful  to  observe  that  if  y(B)  <  •»,  then 
Y(iRb)  >  Y(A)  -  Y(B).  Indeed  Ac  A\B  u  B  so  this  follows  froe  2°  -  3°  of  Proposition 
2.3.  Also  observe  that  if  y(A)  >  1,  the  definition  of  genus  Implies  A  contains 
infinitely  many  distinct  pairs  of  points. 

If  E  is  infinite  dimensional,  the  following  result  shows  how  to  obtain  sets  of 
arbitrary  genus  in  E. 

Proposition  2.5;  If  A  €  E ,  ft  is  a  bounded  neighborhood  of  0  in  R*,  and  there  exists 
a  hoes oeorph ism  h  e  CCA, 3ft)  with  h  odd,  then  y(A)  »  k. 


Proof!  Clearly  y(A)  <  k.  If  y(A)  <  k,  there  exists  an  odd  nap  $  e  C(A,R^\{0}) 
where  j  <  k.  The  nap  ♦  •  h”1  is  then  odd  and  belongs  to  CO0,R^\{0} ).  But  the 
existence  of  such  a  nap  is  contrary  to  the  Borsuk-Ulam  Theorem  [9] .  Therefore 
Y(A)  -  k. 

The  next  proposition  is  a  simple  example  of  an  intersection  theorem. 

Proposition  2.6;  If  y(A)  >  k  and  V  is  a  subspace  of  E  of  codimension  k,  then  V  n 
A  ?  9. 

Proof:  Suppose  V  n  a  «  (f.  Let  P  denote  the  projector  of  E  onto  where 

V  •  V1  -  E.  Then  P  is  odd  and  P  e  C(A,v\{0}).  By  2°  of  Proposition  2.3, 

Y(A)  <  y (PA) .  Projecting  PA  radially  onto  3B^  n  and  using  2°  of  Proposition  2.3  and 

Proposition  2.5  yields 

Y(A)  <  y(BA)  <  Yt**,  n  v1)  -  k  , 

contrary  to  hypothesis. 

More  generally,  let  E  be  a  real  Banach  space  with  a  group  of  symmetries  G  on  it, 

e.g.  <2>  S1 »  etc.  Let  E  denote  the  set  of  Ac  E\{0)  such  that  A  is  closed  in  E 

end  invariant  under  G,  i.e.  A  e  E  and  x  €  A  implies  gx  e  A  for  all  g  e  G.  An  index 

theory  is  a  mapping  1  i  E  *  *U{“}  such  that  for  all  A,  l(E, 

1°  Normalisation!  If  x  4  Fix  G,  then  i  (  U  gx)  »  1. 

gtf 

2°  Mapping  property!  If  t  e  C(A,B)  and  f  is  equivariant,  i.e.  fg  “  gf 
for  all  g  t  G,  then  i(A)  <  i(B). 

3°  Subaddltl vltv i  i(A  u  B)  <  i<A)  +  i(B). 

4°  Continuity  Property!  If  A  is  compact  and  A  n  Fix  G  ■  Jf,  then 
i(A)  <  •  and  there  exists  a  6  >  0  such  that  KNg  (A) )  •  i(A). 

Remark  2.7t  if  A  6  E  and  A  n  Fix  G  +  f,  i(A)  -  i(E).  Indeed  if  x  e  A  n  Fix  G ,  the 
amp  f(u)  ■  x,  A  ♦  (x)  is  continuous  and  equivariant  so  by  the  mapping  property, 

1(A)  <  i({x}).  But  2°  with  f  “  id  shows  i({x))  <  i(A)  so  equality  holds  here.  Since 

A  can  be  replaced  by  E  in  this  computation,  i(A)  •  1(E). 


Remark  2.8 i  There  ere  analogues  of  Proposition  2.5  for  sore  general  Index  theories.  E.g. 
if  G  1  s'  and  1  is  the  index  theory  define*!  in  [10]  or  [11] ,  i(Sn)  “  n  where  Sn  j.s 
a  2n  -  1  dimensional  invariant  sphere  lying  in  E\Fix  G.  In  particular  if  E\Fix  G  is 
infinite  dieenaional  and  G  2  S1,  confining  this  observation  with  Remark  2.7  shows 
i(A)  -  «  for  any  A  8  E  such  that  A  n  Fix  Gy?  and  i  is  as  in  [10,11] . 

Several  index  theories  can  be  found  in  the  literature.  The  first  one  introduced  was 
based  on  the  notion  of  category  due  to  Ljusternik  and  Schnirelman  [12].  He  have  already 
mentioned  the  " geometrical"  index  theory  provided  by  the  notion  of  genus.  An  S1  version 
of  genus  was  given  by  Benci  [13].  Cohomological  index  theories  can  be  found  in  [10-11]  and 
the  references  cited  there. 

How  we  turn  to  the  use  of  index  theories  to  obtain  multiplicity  results  for  symmetric 
functionals.  He  will  mainly  work  with  genus  but  will  sketch  the  use  of  an  S1  index 
theory  for  (1.8).  Theorem  1.28  is  one  of  the  simplest  multiple  critical  point  results. 
Before  proving  it,  two  remarks  are  needed. 

Remark  2.9:  The  version  of  the  Deformation  Theorem  given  earlier  does  not  suffice  for 
multiplicity  results.  Moreover  when  treating  functionals  on  a  manifold  as  in  Theorem  1.28, 
a  variant  of  the  Deformation  Theorem  more  suitable  for  such  a  setting  is  required.  The 

II"  1  A 

following  result  is  sufficient  for  Theorem  1.28.  For  t  t  S  *  R,  let  A^  “ 

[x  e  s""1  I  f(x)  <  s).  For  c  e  R  set  K.  -  {x  e  s"”1  |  f (x)  -  c  and  f'(x)  - 
(f'(x),x)x  «  0}.  Here  (*,•)  denotes  inner  product. 

Theorem  2.10a  If  f  (  C1(Rn,R)  and  is  even,  c  e  R,  and  0  is  any  symmetric 
neighborhood  of  *c  in  Sn_1,  then  there  exists  a  mapping  n  8  C([0,1]  x  sn  *)  and 

an  e  >  0  such  that 
1°  T)*t,x)  is  odd  in  x. 

2°  t’(1'VcN0)  c  *c-e* 

3°  If  Ac  -  ?,  nd,^)  C  Ac_c. 

Remark  2.11:  Hith  E  ■  R0,  set  Y^  “  {A  e  E  |  A  c  sn  1  and  Y  (A)  >  j) , 

1  <  J  <  n.  Note  the  following  four  properties  of  the  sets  YjJ 
(i)  Yj  *  ft,  1  <  j  <  n. 
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(ii)  Monotonicity  property i  y^  =  Y2  =...3  Yn> 

(ill)  Invirlinw  property!  If  ♦  e  C(Sn-1,Sn“1)  and  i.  c  id,  and  A  8  Yj» 
than  +(A)  e  yy 

(iv)  Ixcision  propartv i  if  a  e  Yj  and  B  e  E  with  y(b)  <  a  <  j,  than 
A\B  8  Yj.,. 

Indaad  proparty  (1)  follows  from  Proposition  2.5  with  Q  ”  s^”1,  1  <  j  <  n,  (ii)  is 
trivial/  (iii)  is  a  consequence  of  2°  of  Propostion  2.3  and  (iv)  follows  froai  Raaark  2.4. 
Proof  of  Thao raw  1.28i  Dafina 

1  <  j  <  n  . 


c.  “  inf  aax  f(x) 
3  Aey^  xe a 


This 

for 


By  proparty  (ii),  <  Cj  <...<  cR.  Ma  claim  Cj  is  a  critical  value  of  f|  n_ 1 . 

fact  in  itsalf  is  not  sufficient  to  prove  the  Theorem  since  possibly  c j  . .»  c j 
p  >  1  and  there  is  only  one  pair  of  critical  points  corresponding  to  this  degenerate 

A 

critical  value.  However  we  further  dale  if  Cj  ej+p  -  c*  then  y(*c)  >  p+1. 

ReMrk  2.4  then  shows  there  are  infinitely  many  critical  points  corresponding  to  c.  It 

A 

suffices  to  verify  the  second  claim  since  it  contains  the  first.  Suppose  Y(»c)  *  p.  Then 
by  4°  of  Proposition  2.3,  there  is  a  4  >  0  such  that  Y<*j(Kc>)  <  p  and  by  2°  of 
Proposition  2.3,  if  N  «  n  Y(N)  <  p.  By  Theorem  2.10  with  0  *  N,  there 

exists  an  *18  C([0,1]  «  8n  '.S*1”1)  with  *1(1,*)  odd  and  e  >  0  such  that 


(2.12) 

Choose  A  8  Y 
(2.13) 


j+P 


so  that 


nd.A^NH)  =  Ae_e 


mx  f  <  c+e 
A 


Then  by  (iv)  of  BsMrk  2.11,  JhN  8  Y ^  and  by  (iii)  of  the  sum  result. 


B  i  *1(1, ANN)  8  Yj»  Consequently  by  (2.12)  -  (2.13), 

c  -  c.  <  MX  f  <  c.-e  , 

J  B  J 

a  contradiction. 

There  are  generalisations  of  Theorem  1.28  to  infinite  dimensional  settings  due  to 
Ljusternik  [5],  Browder  [14],  Berger  [15],  AMnn  [16],  and  many  others.  These  abstract 
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theorems  have  than  been  applied  to  obtain  existence  of  multiple  solution*  of  nonlinear 
partial  differential  equations*  Due  to  lack  of  time  we  will  not  be  able  to  90  into  more 
detail  here  but  turn  instead  to  a  symmetric  version  of  the  Mountain  Peas  Theorem.  A 
somewhat  more  general  result  than  that  stated  in  Theorem  1.29  will  be  treated  next. 
Theorem  2.14:  Let  B  be  an  infinite  dimensional  Banach  space,  and  let  I  e  C1 (E,R)  be 
even  and  satisfy  (PS)  and  1(0)  “  0.  Suppose  E  ■  V  •  X  where  V  is  finite  dimensional 
and  I  satisfies 


(IJ )  There  are  constants  p,  a  >  0  such  that  lkg  nx  >  a, 

P 

(Ij)  For  all  finite  dimensional  subspaces  E  c  B,  there  exists  R(B)  such 


that  I  <  0  on  E\B  __  . 

R(E) 

Then  I  possesses  an  unbounded  sequence  of  critical  values. 

There  is  also  a  finite  diawnsional  version  of  Theorem  2.12  which  is  proved  in  a 
similar  but  simpler  fashion.  The  proof  of  Theorem  2.14  follows  the  same  pattern  as  that  of 
Theorem  1.28.  First  we  need  to  supplement  the  statement  of  the  Deformation  Theorem  with 
the  fact  that  if  I  is  even,  then  n(1,«)  can  be  taken  to  be  odd  and  if  0  is  any 
symmetric  neighborhood  of  Kc,  then  n  can  be  chosen  to  satisfy  n(1,Ac+f\0 )  c  ac_£ .  To 
continue,  a  class  of  sets,  Ty  will  be  introduced.  These  sets  possess  properties  like 
those  verified  for  in  Remark  2.11.  Minimaxing  I  over  r ^  the  produces  the  critical 

values  Cj  of  I.  lastly  one  additional  argument  shows  the  Cj  form  an  unbounded 
sequence. 

To  begin  the  proof,  suppose  V  is  k  diawnsional  and  V  -  span{e1 , . . . ,e^} .  For 
m  >  k,  inductively  choose  e.,  f!  span{e, , . . .  ,e  }  =  E_.  Set  R_  =  R(E  )  and  D_  - 
Bj^  n  E— .  Define 

(2.15)  G_  =  {h®  C(D  ,E)  |  h  is  odd  and  h  «  id  on  3B_  n  k}  . 

b  n  Km 


Then  G  /  f  since  id  e  G_.  set 

n  ■ 

rj  "  {h(DB\Y)  |m  )  ),  h  8  G>(  Y  e  E,  Y(Y)  <  m-j}  . 
Proposition  2.16i  The  sets  possess  the  following  properties: 


2  (Monotonlclty)i  r^+1  c  r^. 

3°  (Invariant) i  If  4  C  C(E,E)  is  odd  and  4  ■  id  on  3br  n  Ea  for 
all  a  e  I,  than  4  i  ♦  1*^  for  all  j  6  H. 

4°  (Excision)!  If  B  e  r^,  I  e  E,  and  yiZ)  <  s  <  J,  than  B\z  e  r^. 
Proof t  The  proof  is  straightforward  but  tadioua  and  will  ba  omitted. 


How  wa  dafina 


(2.17) 


c,  •  inf  aax  I(u)  ,  jew  . 
3  B€l^  uSB 


By  2°  of  Proposition  2.16,  Cj+1  >  Cj.  In  ordar  to  show  that  Cj  is  a  critical  value  of 
l(  a  lowar  bound  for  Cj  is  required.  Tha  following  intersection  theorea  leads  to  such 

an  estiMte. 

Proposition  2.18>  If  j  >  k  ■  dial  V  and  I  e  than  B  n  X  n  3Bp  +  f. 

Prooft  lot  B  6  Tj  so  B  ■  h(Da\Y)  where  •  >  )  and  y(T)  <  a-j.  The  definition  of 

iaplies  I(u)  <0  if  u  e  E^B,^  and  I  >  a  on  3Bp  nx  by  (If).  Since  a  >  k, 

X  n  D_  i*  (T.  Therefore  R_  >  p.  Set  0  m  {x  e  D_  |  h(x)  6  B  _}  and  let  0  be  the 

A 

component  of  0  containing  O.  Since  h  is  odd  and  h  ■  id  on  3B  n  K  ,  0  is  a 

a 

syaaaetric  bounded  neighborhood  of  0  in  E^.  By  Proposition  2.5,  y(3  0)  -  a.  set  W  - 

(x  e  Da  I  h(x)  e  dBp).  If  x  e  30,  then  h(x)  e  3Bp.  Therefore  y(H)  >  y(3  0)  -  a  by  2° 

of  Proposition  2.3.  By  HsMrk  2.4,  y(H\T)  >  a  -  (a-j)  »  j  >  k.  Renos  Y(h(H\Y) )  >  k  by 

2°  of  Proposition  2.3.  Conssquently  the  definition  of  W  and  Proposition  2.6  show 

3b  a  h(w\Y)  n  x  f  0.  But  B  a  h(i^Y).  Therefore  B  n  X  n  3B  »*  f . 

P  P 

Beaark  2.19i  An  inspection  of  the  above  proof  shows  the  stronger  conclusion 
Y(B  0  X  n  jBp)  >  j-k  holds. 

How  the  lower  bound  for  Cj  aentioned  above  can  be  obtained. 

Corollary  2.20i  If  J  >  k,  Cj  >  a. 


Proof!  This  is  iaewdiate  froa  Proposition  2.18,  (If),  and  the  definition  of  Cj. 

The  next  result  shows  c^  is  a  critical  value  of  I  for  j  >  k  and  also  gives  a 
aultiplicity  stateaent  for  "degenerate"  critical  values. 

Proposition  2.2 1 «  If  j  >  k  and  c,  -  c,+  1  *...*  c. =  c,  then  Y(X_)  >  p*l. 


i**s*e"e"  *»  *  J*  •  e  *  •  “  m  ”  a  "  a  “a  V  X  -  S  m  e  «  -  m  -  - 


y-y ;  .  y^y-v-v 
v'v'v'v: 


Proof t  By  Corollary  2.20,  c  >  «  >  0.  Slnea  1(0)  -  0,  0  *  *c  and  Ke  e  E  Moraovar  (Pg) 
iapliaa  Re  la  compact .  If  Y(RC)  <  p,  by  4°  of  Propoaition  2.3,  thara  la  a  6  >  0  auch 
that  Y(*j(Rc>)  <  p.  Tha  atronger  varaion  of  tha  Deformation  Thaoraa  aantlonad  abova 
with  0  »  Hj(Kc)  and  e  -  j  ylalda  tha  axiatanca  of  an  e(  (0,e)  and 
n  e  C((0,1]  X  b,e)  With  H(1,*>  odd  auch  that 


(2.22) 


Chooaa  b  e  r . .  auch  that 
J+P 


(2.23) 


*<1'*c+e'0>  =  ac.£ 


mx  I  <  c+e  . 
B 


■y  4°  of  Propoaition  2.16,  Q  =  e  Moraovar  by  3°  of  Propoaition  2.16,  our  choice 
of  e,  and  1°  of  tha  Daforaation  Thaoraa,  f>(1,0)  e  1*^.  Tharafora  (2.21)  -  (2.22)  show 


c  <  aax  X  <  c-e  , 

0(1.Q) 


a  contradiction. 


Tha  final  atap  in  tha  proof  of  Thaoraa  2.14  la  given  by 
Propoaition  2,24»  ®j  *  **  a*  j  ♦  •• 

Proof.  «a  uaa  a  variant  of  tha  arguaent  of  Proposition  2.21.  It  waa  obaarvad  aarllar  that 
Cl+1  *  cj  f°r  J  *  xe  th*  «•««•»«•  (<fj)  la  bounded,  c^  ♦  c  <  •».  If  c^  -  c 

for  all  largo  j,  Y(K_)  -  •  via  Propoaition  2.21.  But  (PS)  iapliaa  K_  la  coapact  ao 
c  _  c 

Y(*_)  <  •  by  4°  of  Propoaition  2.3.  Thua  c  >  c..  for  all  j.  Let 
c  _  3 

(  *  fu  «  I  lck+l  <  *  c  and  X'(«)  "0}.  Again  applying  (PS)  and  4°  of  Propoaition 

2.3,  wa  aaa  K  la  coapact  and  thara  is  a  S  >  0  and  q  e  ■  auch  that 

Y( K)  “  q  “  y(Mj(K)  ).  Invoking  tha  Daforaation  Thaoraa  with  0  "  Mj(K)  and  c  ■  c  -  cq 

ylalda  c  e  (0,e)  and  n(1,»)  «  C< (0,1]  x  *,s)  with  n(1,*)  odd  and 


(2.25) 


n(1,A_  \0)  C  A_ 

C+E  C-e 


Chooaa  j«l  auch  that  Cj  >  c-e  and  B  S  r . .  aatiafying 


(2.26) 


aax  I  <  c+e  . 
B 


By  tha  arguaent  of  Propoaition  2.21,  n(1,Bv0)  e  Tj.  Tharafora 


Cj  <  aax  I  <  c-e  <  c^  , 

nd,Bv0) 
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•  contradiction 


Tha  proof  of  ntaoras  2.14  is  now  cosqilats.  Ths  oar  Host  version  of  this  thaoraa  can 
ba  found  In  (1]  wharo  applications  wars  also  given  to  a  class  of  "superlinear"  alliptic 
partial  differential  aquations  of  the  fora  (1.2).  A  aora  general  such  application  will  ba 
skat  chad  naxt.  Considar 

(2.27)  -Au  •  p(x,u),  xdQ  l  u  •  0,  x  e  90 

wharo  0  c  *n  is  a  boundsd  doawln  with  a  saooth  boundary.  The  function  p  is  assunad  to 
satisfy  tha  following  conditions t 
(pt )  P  6  C(Q  »  *,H) 

(pj)  lp(*«C)l  <  at  ♦  a2ICI*  whara  1  <  s  <  and  n  >  2  . 

(pj)  0  <  W  P(x,C)  x  U  /q  p(x,T)dT  <  (  p(x,C)  for  1C  I  largs 
(p4>  p(x,t>  is  odd  in  C. 

Thaorasi  2.28.  If  p  satisfias  (p1 )  -  (p4),  (2.27)  poasaasas  an  unboundad  saquanca  of  waak 
solutions. 

kanarfc  2.29.  If  (p1)  is  slightly  strangthansd,  a.g.  to  p(x,C)  is  locally 

HBldsr  continuous,  than  this  condition  togsthsr  with  (pj)  inply  waak  solutions  of  (2.27) 

ara  classical  solutions.  If  n  •  1  or  2,  (pj)  can  ba  oonsldsrably  waakanad. 

Proof  of  Thaorasi  2.28>  Sat 

I(u>  -  /Q(|  |Pu|2  -  »(x,u))dx 
for  u  e  S  3  »J'J(fi)  whara  as  norn  on  1  wa  taka 
lul  -  (J0  |7u|*dx)1/S  . 

Sinca  critical  points  of  I  ara  weak  solutions  of  (2.27),  tha  result  is  lsswdiata  if  I 
satisfias  tha  hypothasas  of  Thaoraa  2.14.  It  is  elssr  that  1(0)  “  0  and  (p4)  shows  I 
is  swan.  Hypothasas  (pj)  and  (p3)  inply  that  I  6  C1 («,*)  and  (p3)  -  (p3)  inply  that  (PS) 
is  satlsfiad.  Baa  s.g.  (1)  for  tha  datails  hsra.  To  chack  (l£),  intagrating  (pj)  shows 
thara  ara  constants  a3,  a4  >  0  such  that 


(2.30) 


4 


Si 


in 

i 


w 


& 


for  all  C  «  *•  Therefore 
(2.31) 


»<*,€>  >  »3ICIm  -  a 
X(u)  <  JQ(-j  |0u|2  -  a3lu|u  ♦  a4)dx 


for  all  u  «  *.  In  particular  for  u  e  X,  a  finite  dimensional  aubapaea  of  X,  tha 
M*  tarn  in  (2.31)  doadnates  as  u  ♦  •  ainca  y  >  2.  Thus  (2.31)  9*arantees  tha 
axiatanca  of  *(l)  in  (Ij ) • 

To  verify  (Ij),  I  auat  ba  decoaposad  into  V  •  X.  Chooaa  V  ”  apan(v1 , . . . 
where  k  is  fraa  for  tha  moment .  Tha  functions  v.  ara  tha  eigenfunctions  of 


(2.32) 


-Av  “  Xv,  x  e  Q  >  v  -  0,  x  e  30 


norma li sad  by  I  vl  “  1  and  ordarad  by  incraaaing  magnitude  of  tha  correspood-ing 

aigenvaluas.  Sat  X  -  V^,  tha  orthogonal  complement  of  V  and  consider  X|}Bnx* 

P 

(p2),  for  u  e  3B  , 


(2.33) 


I(u)  >  j  p2  -  /fl(a5lu|rf1  ♦  afi) 


for  som  constants  a,  and  a6.  By  tha  Oagliardo-Xirenbarg  inequality  117) , 

(2.34)  lul  .  <  a-lulNuI1"® 

L**' (0)  L2(0) 


0(2  -  2,  ♦  (1-0)  2  . 

2  n  2 


If  u  6  X,  we  have  tha  elementary  estimate 


(2.35) 


Wtt,*2  *  ,U'2 

*  t*(0) 


whara  X^  denotes  tha  3th  eigenvalue  of  (2.32).  Substituting  (2.33)  -  (2.34) 
into  (2.32)  yields 


(1-8)(a»1) 


(2.36) 


I(u)  >  P2(j-  «8  Xk+1 


P-1)  - 


for  u  e  3Bp  x.  Choose  p  -  p(k)  so  that  tha  term  in  parenthesis  equals  V4  .  i.a. 


(1-B)(s*1) 


(2.37) 


P(k)  -  (jj-  xk+1 


I(u)  >  J  p(k)2  -  a9 


Since  X^  ♦  •  as  k  ♦  p(k)  ♦  •  as  k  *  •.  Choose  k  such  that  p(k)*  >  8V 


vv  v  • v  v  v  v  v  v  « •*  - .  •  •  • .  * .  •  .* .  *  .*■  .  •  .n  •• /. 


Thtnfen  X(u)  »  y  p(k)  i  a  and  (IJ)  hoi  da.  Tha  sketch  of  tha  proof  of  Theorem  2. 2d 
is  complete. 


Tha  multiplicity  theorems  prasantad  thus  far  ara  In  a  Sj  setting.  Analogous  rasults 
can  ha  obtained  whan  tha  sjmmsiry  group  is  f1  with  applications  to  sacond  ordar  and 
ganaral  Hamiltonian  systems.  In  tha  reewinder  of  this  saotioo  wa  will  briefly  skatch  soaw 
such  extensions  in  tha  satting  of  ( l.t).  Thus  oonsidar 
(2.3d)  s  -  J  Hm(s)  . 

Whan  ■  grows  at  a  "superquadratic"  rata  aa  |s|  ♦  •,  thara  is  an  analogue  of  Thaoran 
2. 2d  for  tha  corresponding  functional 

(2.3d)  I(s)  -  /J(p*q  ‘  H(s) )dt  . 

A  couplets  treatment  can  ha  found  in  (Id),  da  will  outline  tha  result  o^haslsing  its 
relationship  with  tha  previous  case. 

Theorem  2.40>  Xf  M  C1  (■?"»■)  and  thara  exists  u  >  2  such  that 
(I|)  0  <  u  d(s)  <  s*da  for  all  large  |s|  , 

than  for  each  T  >  0,  (2.3d)  possaaaas  a  saquanoa  of  T  periodic  solutions  which  is 

unbounded  in  l"  * 

Proof i  For  oaneanianoa  sat  T  •  2*.  A  natural  apnea  in  which  to  treat  tha  first  term  in 
X(s)  is  I  *  (*^'2(d1))2n,  tha  Hilbert  space  of  2n -tuples  of  2w  periodic  functions 
which  possess  a  square  integral) la  "derivative”  of  ordar  j.  However  tha  seoond  term, 

J0  H(s)dt  need  not  ha  defined  on  R  slnoa  wa  have  not  imposed  any  growth  restrictions 
on  H.  This  creates  a  technical  problem  which  one  can  get  around  by  truncating  H  so  that 
tha  new  functional  belongs  to  and  via  (H,)  satisfies  (Fd).  Ns  will  Ignore  this 

point  and  suppose  I  in  (2.39)  is  continuously  differentiable  on  B  and  satisfies  (F8). 
Sea  [18]  for  a  precise  treatment  of  tha  technicalities  indicated  above. 

Tha  space  R  can  be  decoeposed  into  B+  d  B®  d  B~  where  I*  ara  respectively  tha 
subspecee  of  B  on  which  A  is  positive  definite  and  negative  definite  and  B°  ~  *2n  is 
tha  sat  of  2 n— tuples  of  constants.  Any  i  e  I  can  be  written  as  i  ■  i+  +  i5  +  i'  e  I+  I 
*°  ♦  Xn  an  appropriate  basis  for  8,  which  is  easy  to  write  down, 

A (z )  =  /?*  p«qdt  “  lz+l2  -  Is  I2  . 


'5  .^T1  ZTZT3*?  ’.•  \'i  ’>  ?  ’.-'P  A  j-.~.  r.«-  .  ^r»  t/  .  .  «.-  ..- 


The  tl9inwtori  in  R+,  *“  of  A  occur  in  pair*  duo  to  tho  S1  symmetry.  Ordering  than 
by  tho  Magnitude  of  the  corresponding  eigenvalue,  let 

Lg  ■  apan{1at  2a  eigenvectors  in  R+>  •  8°  •  B 
Our  assumption  on  H  and  the  fora  of  I  shows  there  exists  an  R,  >  0 
Hu)  <0  if  u  «  L,  Thus  as  in  the  proof  of  Theorea  2.14,  set  Da 

6,-  (h  C  C(DB,R)|h  satisfies  (i)  -  (iii)} 

where 

(i)  h  is  equivsriant, 

<li)  h  -  id  on  <»Br  n  LJ  u  R°, 

a 

(iii)  P“h  -  0<x)s"  ♦  T(s)  , 
p"  being  the  orthogonal  projector  of  R  onto  R“,  T  coapact,  and  0  e  C(D>#  [1,0] )  where 
0  depends  on  H. 

The  sets  ^  are  aore  complicated  than  their  counterparts  in  Theorea  2.14  due  to  two 
factorsi  (a)  The  ano logos  of  V  in  Theorea  2.14  is  a  subspace  of  the  fora  for  soae 

a  and  this  is  infinite  diaensional  in  oontrast  to  the  earlier  settingi  (b)  Fix  S1  •  R° 
whereas  Fix  Sj  -  {0}.  Me  require  h|B(j  -  id  due  to  (b)  and  (iii)  is  needed  because  of 
(a). 

Mote  that  id  e  0^  for  all  aCM  so  F  ?•  As  earlier  set 

Tj  -  {h(D^Y)  |  a  >  j,  h  «  Ga,  V  «  E,  i(T>  <  m-i) 
where  i  refers  to  an  S1  index  theory  Mentioned  earlier  such  as  can  be  found  in  [10]  or 
[11].  Then  the  sets  1^  possess  the  properties  given  in  Proposition  2.16  and  ainiaax 
values  Cj  can  be  defined  as  in  (2.17).  Moreover  there  is  an  analogue  of  the  Intersection 
theorea.  Proposition  2.18. 

Proposition  2.41 >  if  and  p  <  R^,  B  n  3Bp  n  i^_1  f  f  .  if  Lj_1  were  finite 

diaansional,  the  proof  of  Proposition  2.18  and  an  S1  version  of  the  Borsuk-Dlaa  Theorea 
would  suffice  to  get  the  result.  Since  is  infinite  diaensional,  a  aore  coapllcated 

arguaent  is  required  using  a  finite  diaensional  approximation  argument  and  Property  (iii) 
of  0„  to  aid  in  passing  to  a  limit.  See  [18]  for  the  details. 


such  that 
■  Bj^  n  1^,  and 
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The  remaining  step*  in  the  proof  are  to  a  how  (A)  for  large  J,  Cj  ia  a  critical  valua 

of  X,  (B)  Cj  “  Z(Bj)  ♦  •  aa  «j  ♦  •  whara  Sj  ia  a  critical  point  of  I  corresponding 

to  Ci<  and  (C)  It J  m  *  m  aa  j  ♦  •».  Step  (C)  follow*  Item  (b).  Indaad  aince 
3  3  L 

I'(Sj)  -  0  by  (A), 

Cj  -  X(*j>  -  f*(j  •  H#C*j)  -  H(Sj)>dt  . 

Thua  if  the  function*  c j  were  uniformly  bounded  in  l" <  the  nunbara  Cj  would  be 
bounded,  contrary  to  (B).  Stapa  (A)  and  (B)  are  obtained  with  the  aid  of  a  conpariaon 
problem.  A  function  M(|a|)  ia  constructed  which  aatiafiaa  M(|a|)  >  H(m)  for  all  a  e 
B?*.  Therefore 

1(a)  >  J(a)  *  J*( p»q  -  M(a))dt 

and 

c,  >  b,  =  inf  eax  J(u)  . 

3  3  Berj  u8B 

B.g.  if  H  aatiafiaa  a  polynoadal  growth  condition,  H(a)  <  a^lal*  ♦  a2,  we  can  take 
H(x)  -  a^x*  +  a2«  Further  rnatrictiona  on  the  choice  of  M  allow  ua  to  ahow 
b j  ♦  »  aa  )  ♦  •  thua  verifying  (B).  Laetly  (A)  followa  for  large  j  by  a  veraion  of 
the  Deformation  Theoren  for  X  which  show*  niG|  for  all  For  the  detaila, 

oonault  [IB], 

The  ideaa  *k etched  above  and  in  fact  the  above  theoren  oan  be  uaed  to  atudy  the 
existence  of  periodic  aolutiona  of  (1.8)  on  a  prescribed  energy  surface  aa  was  mentioned  in 
(1.10)  -  (1.11).  As  a  quick  example  of  such  a  result,  we  have 

Theoren  2.43  119] *  Buppoee  H  «  c’fB^.B)  and  8  *  (a  8  B?"  |  B(a)  -  1)  i*  a  manifold 
and  bounda  a  compact  starohaped  region.  Then  (2.38)  has  a  periodic  aolution  on  8. 

Proof :  Define  a  new  Bamiltonian  H( a )  as  follows!  Since  8  bounds  a  ooapact  etarshaped 
region,  for  any  a  8  B2",  a  f  0,  there  is  a  unique  w(s)  8  8  and  0(a)  >  0  such  that 
a  “  0w.  It  la  easy  to  see  that  )*C*,  is  homogeneous  of  degree  1,  and  0(a)  “  1  iff 
a  8  8.  Set  8(0)  ”  0  and  8(a)  ”  0(a)*  for  a  t  0.  Than  I  (  c'  and  is  homogeneous  of 
degree  4.  Since  8  is  a  manifold  and  8  -  8-1(1)  ■  B  ” 1 ( t ) ,  there  ia  an  a(a)  t  0  such 


^  «r.  m_  e  _  ■" 


a 


&' 


(2.43)  Hz(a)  -  a(e)Hz(«) 

for  all  s  e  S.  This  fact  implies  any  solution  of  (2.38)  on  S  is  a  reparametrisation  of 
a  solution  of 

(2.44) 

on  S.  Our  above  remarks  about  H  imply  it  satisfies  (H^ )  of  Theorem  2.40.  Hence  with 


*  -  J  Hz(s) 


«C  -  «  jh  (O  -  «"2ji.(«0 


e.g.  T  “  2t ,  by  Theorem  2.40,  (2.44)  has  a  solution  £(t)  such  that  lc(t)l  m  >  1.  Now 

_  L 

C  may  not  be  on  S.  However  by  the  homogeneity  of  H,  we  can  choose  6  >  0  such  that 
H(6()  ”  1.  Moreover  satisfies 

(2.45) 

Therefore  after  a  change  of  tisw  scale,  will  satisfy  (2.44)  and  the  proof  is  coeiplete. 

Remark  2.46.  Osing  the  ideas  of  Theorem  2.40  in  a  more  direct  fashion,  one  can  prove  the 
existence  of  multiple  solutions  of  (2.37)  on  S  provided  that  S  satisfies  further 
geosMtrical  conditions,  thereby  obtaining  results  of  Ikeland-Lasry  [19]  and  generalisations 
thereof  due  to  Berestycki-Lasry-Mancini-Ruf  [20]. 


2a  this  final  Motion 


V  V 


s  .  .  -  -  -  '  '  -  • 


3.  Serturbatlona  tw  ava— try 

t  roaulta  on  perturbation  from  symmetry  will  bo  diaeuaaod  in 


tbo  aattlng  of  Theorem  Ml.  Consider 

(3.1)  -Au  »  p(x,g),  x  e  t)»  u  "  0,  x  e  30 

where  0  and  p  aro  aa  in  Theorem  2.21.  Therefore  (3.1)  poaaaaaaa  an  unboundad  aaquanca 
of  weak  aolutiona.  Suppoaa  (3.1)  ia  parturbad  by  adding  an  inhoaogonaoua  tarai 
(3.3)  -Au  “  p(x,u)  ♦  f(x),  x  e  fli  u  ■  0,  x  e  30  . 

The  right  hand  aida  of  (3.2)  ia  no  Ion  gar  an  odd  function  of  u  and 
(3.3)  X(u)  -  /fl(j  |7u|2  -  P(XfU)  -  f(x)u)dx 

ia  no  longer  even  on  1  *  W^ ' 2  ( Q } .  Thua  the  aachinary  uaad  in  tha  proof  of  Thaoran  2.28 
doaa  not  apply  diraetly  to  thia  aituatien. 

Tha  parturbad  problan  (3.2)  was  firat  treated  independently  by  Bahri  and  Baraatyeki 
(21)  and  by  Struve  (22).  Later  somewhat  nora  general  atudiaa  ware  am  da  by  Dong  and  Li  [28] 
and  thia  author  (24).  All  of  there  papara  ehow  (3.2)  atill  poaaaaaaa  an  unboundad  aaquanca 
of  weak  aolutiona  provided  that  a  in  (p2)  ia  further  reetricted.  Recently  Bahri  [25]  has 
proved  under  lass  general  hypothasaa  but  without  any  restriction  an  s  beyond  (p2)  that 

(3.2)  has  an  unboundad  sequence  of  waak  solutions  for  alnost  all  f  (in  a.g.  L2(Q)). 
Whether  such  a  generic  restriction  ia  necessary  remains  an  interesting  open  question. 

In  thia  section,  following  [24],  we  will  outline  how  tha  ideas  used  in  Theorems  2.14 

and  2.28  together  with  sons  new  tricks  yield 

2 

Thaoran  3.4i  Suppose  f  8  L  (0)  and  p  satisfies  (pj )  -  (p4)  with  a  further  restricted 


a  s  (n+2)-(n-2)a  jj_ 

B  "  n(s-1>  u-1  ’ 


t* 

(3.3) 

Then  (3.2)  possesses  an  unboundad  sequence  of  weak  solutions. 

The  solutions  of  (3.2)  will  be  obtained  as  critical  points  of  Z  as  defined  in 

(3.3) .  However  there  is  a  technical  problan  in  working  directly  with  I  since  our 
argument  requires  an  estimate  on  its  deviation  from  symmetry  (i.e.  Ku)  -  K-u))  that 
I  itself  does  not  satisfy.  Therefore  a  modified  functional  J  will  be  introduced  for 


-21- 


which  the  appropriate  estimate  can  be  obtained  and  large  critical  values  of  which  are  also 
critical  values  of  I. 

To  Motivate  the  Modified  probleM,  a  priori  bounds  for  critical  points  of  I  will  be 
obtained  in  terns  of  the  corresponding  critical  value.  Note  that  by  (p3)  there  are 


constants  aj,  a4,  a5  >  0  such  that 

(3.6)  £  <5  p(x.t)  ♦  a3)  >  P(x,£)  ♦  a4  >  a^U" 

for  all  (  (  I.  If  u  is  a  critical  point  of  I.  by  (3.6) 

I(u)  -  X(u)  -  j  I*(u)u  >  (^  -  ^)/0(up(x,u)  +  a3)dx 


-  i  *«  2  ' 

h  Uq) 


Using  (3.6)  again  and  the  Hflldar  and  Young  inequalities.  (3.7)  easily  leads  to  the  a  priori 
bounds 

(3.8)  /fl(P(x,u)  +  a4)dx  <  a7(I(u>2  ♦  ^)^ 

for  a  critical  point  in  tans  of  the  corresponding  critical  value.  A  bound  for  lul  in 
tens  of  l(u)  now  can  be  obtained  froM  (3.8),  (3.6),  and  the  weak  fon  of  (3.1)  but  (3.8) 
suffices  for  our  later  purposes. 

A  Modified  functional  can  now  be  defined  as  follows!  Choose  X  e  c  (*,*)  such  that 
X(t)  •  1  for  t  <  1,  x<t)  *  0  for  t  >  2,  and  -2  <  x'  <  0  for  t  e  (1,2).  For  u  e  K, 

2  Vi 

•at  Q(u)  ■  2a^(I  (u)  ♦I)72  and 

t(u)  ■  x<Q<u)”1Jq(p**'u>  ♦  a4)dx)  . 

Finally  set 

(3.9)  J(u)  =  /jjly  |Vu|2  -  P(x,u)  -  1»(u)f (x)u]dx  . 

The  following  proposition  contains  the  properties  of  J  that  will  be  needed  for  what 
follows. 

2 

Proposition  3.10t  If  p  satisfies  (p,)  -  (p4>,  f  e  L  (0)  and  f  is  as  above,  then 
(1)  J  e  cy(t,n), 

(ii)  There  is  a  constant  M  >  0  such  that  if  J(u)  >  M  and  J*(u)  “  0,  then  J(u)  “ 
I(u)  and  I'(u)  -  0. 

(Hi)  There  is  a  constant  M,  >  X  such  that  3  satisfies  (PS)  relative  to 


v  *  ■  ■/  *.  %,•* 


.-.V. 

(uei  1  J(u)  > 

»■ 

from  above,  and 

V’> 

(iv)  There  is 

>v 

« 

(3.11) 

(3.11)  |J(u)  -  J(-u)|  <  B1(|J(u)|il  ♦  1)  . 

Hi*  proof*  of  th***  *tat*a*nt*  can  b*  found  In  [24].  To  prov*  Th*or*a  3.4,  by  (v)  of 
Proposition  3.10,  it  suffices  to  produce  an  unbounded  sequence  of  critical  values  of  J. 

To  do  so,  we  begin  by  defining  functions  <Vj)  via  (2.32).  Let  Ij  *  span{v1 , . . .  ,v^>  and 
its  orthogonal  complement.  Replacing  I  by  J  in  (2.35)  and  arguing  as  earlier  shows 
there  is  an  r^  =  R(B^)  such  that  J(u)  <0  if  u  C  lj  and  tul  >  Rj.  Let  Dj  » 
n  Ij  and  Gj  be  as  defined  in  (2.15).  Finally  define 

(3.12)  b.  -  inf  max  J(h(u))  ,  j«l  . 

3  heGj  ueu^ 

These  numbers  cannot  be  expected  to  be  critical  values  of  I  or  J  unless  f  ■  0. 

However  w*  have 

Proposition  3.13i  There  exist  constants  B,  >  0  and  k  e  ■  (depending  on  If*  ,  ) 

L  (0) 

such  that  for  all  k  >  k, 

(3.14)  \  >  B2  kB 

where  B  was  defined  in  (3.5). 

Prooft  The  argument  follows  the  same  lines  as  (2.33)  -  (2.37)  with  the  further  observation 
[26]  that 

Xj  >  const.  j2/,n 

for  large  j.  Hence  we  omit  the  details. 

Th*  minimax  values  bj  will  be  used  for  comparison  purposes  shortly  to  aid  in 
producing  critical  values  of  J.  Let 

Uj  =  {u  -  tvj+1  +  w  |  t  e  [0,RJ+1],  w  e  Br  ^  n  ty  and  lul  4  Vi} 

and 

a,  s  (h  e  I  h e  g,  and  h(u)  -  u  if  u  e  3b_  u  ((b_  \  B_  )  n  B.)>  . 


Aj  S  (H  e  C(0j,»)  |  h e  Gj 


R 

J+1  3 


A  new  set  of  minimax  values,  Cy  can  now  be  defined! 


(3.15) 


jew 


c.  «  inf  max  j(H(u>) 

3  HeAj  «eWj 

Proposition  3.16;  If  °j  >  bj  >  6  e  (0,Cj-bj), 

Aj(«)  =  (H  €  Aj  I  J(H(u) )  <  bj  ♦  6  tor  u  e  Dj) 

and 

c.(6)  =  inf  max  J(H(u))  , 

3  »e^(«)  uetJj 

then  c^(5)  is  a  critical  value  of  J. 

Proof.  Since  Aj(6)  c  Aj,  Cj{6)  >  Cj  >  bj.  Suppose  Cj  is  not  a  critical  value  of  J . 
Let  e  »  ^  (c^-b^-6).  Then  by  the  Deformation  Theorem,  there  is  an  n  e  C([0,1]  *  B,E) 
and  e  >  0  as  earlier.  In  particular  0(1, u)  ■  u  if  I(u)  e  (Cj(5)  -  e,  Cj(6)  +  e]. 
Choose  R  e  Aj(«)  such  that 

max  J(H(u))  <  c.(6)  +  e  . 
uetJ^  3 

Therefore 


(3.17) 


max  J(n(1,H(u) ))  <  c.(6)  -  c 
ueu ,  3 

3 


He  claim  *  =  n(1,H(«))  e  Aj<«).  Certainly  *  e  C(VyK).  Moreover  since  H|0^  e  Gj  and 

J(H(u) )  <  bj  +  6  <  Cj(«)  -  e  by  our  choice  of  e,  n(1,H(u))  -  H(u)  for  u  e  Dj  via  1° 

of  the  Deformation  Theorem.  Similarly  n(1,H(u))  “  H(u)  "  u  if  u  8  3B_  u 

J+1 

( (B_  B_  n  I,),  Therefore  4  (  i.15),  But  then 
Rj+1  Rj  3  3 


(3.18) 


Cj(«)  < 


J(I(u>) 


ueoJ 


contrary  to  (3.17). 

Completion  of  proof  of  Theorem  3.4i  Since  bj  ♦  •  as  j  ♦  •#  by  Proposition  3.13,  if  we 
show  Cj  >  bj  for  some  subsequence  of  3's  tending  to  infinity,  then  Theorem  3.4  follows 
from  Proposition  3.16.  He  will  prove 

Proposition  3.19:  If  Cj  -  bj  for  all  j  >  j*,  there  is  a  constant  o>  «Uch  that 

_U_ 

(3.20)  b^  <  (Dju_1  . 

Comparing  (3.14)  to  (3.20)  and  recalling  (3.5)  then  shows  Cj  *  bj  for  all  large  j  is 
impossible.  Hence  Theorem  3.4  follows 
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